The nonlinear theory of a "shear-current" effect in a nonrotating and nonhelical homogeneous turbulence with an imposed mean velocity shear is developed. The shear-current effect is associated with the W ϫ J term in the mean electromotive force and causes the generation of the mean magnetic field even in a nonrotating and nonhelical homogeneous turbulence (where W is the mean vorticity and J is the mean electric current). It is found that there is no quenching of the nonlinear shear-current effect contrary to the quenching of the nonlinear ␣ effect, the nonlinear turbulent magnetic diffusion, etc. During the nonlinear growth of the mean magnetic field, the shear-current effect only changes its sign at some value B * of the mean magnetic field. The magnitude B * determines the level of the saturated mean magnetic field which is less than the equipartition field. It is shown that the background magnetic fluctuations due to the small-scale dynamo enhance the shear-current effect and reduce the magnitude B * . When the level of the background magnetic fluctuations is larger than 1 / 3 of the kinetic energy of the turbulence, the mean magnetic field can be generated due to the shear-current effect for an arbitrary exponent of the energy spectrum of the velocity fluctuations.
I. INTRODUCTION
The magnetic fields of the Sun, solar-type stars, galaxies, and planets are believed to be generated by a dynamo process (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ). In the framework of the mean-field approach, the large-scale magnetic field B is determined by the induction equation
where Ū is the mean velocity and is the magnetic diffusion due to the electrical conductivity of fluid. The mean electromotive force E͑B ͒ = ͗u ϫ b͘ is given by
where u and b are fluctuations of the velocity and magnetic field, respectively, angular brackets denote ensemble averaging, ͑‫ץ‬B ͒ ij = ٌ͑ i B j + ٌ j B i ͒ / 2 is the symmetric part of the gradient tensor of the mean magnetic field ٌ i B j -i.e., ٌ i B j = ͑‫ץ‬B ͒ ij + ijn ͑١ ϫ B ͒ n / 2-and ijk is the Levi-Cività tensor.
Here ␣ ij ͑B ͒ and ij ͑B ͒ determine the ␣ effect and turbulent magnetic diffusion, respectively, V eff ͑B ͒ is the effective drift velocity of the magnetic field, ijk ͑B ͒ describes a contribution to the mean electromotive force related to the symmetric parts of the gradient tensor of the mean magnetic field, ͑‫ץ‬B ͒ ij , and arises in an anisotropic turbulence, and the ␦͑B ͒ term determines a nontrivial behavior of the mean magnetic field in an anisotropic turbulence. The mean magnetic field can be generated in a helical rotating turbulence due to the ␣ effect described by the ␣ ij ͑B ͒B j term in the mean electromotive force. When the rotation is nonuniform, the generation of the mean magnetic field is caused by the ␣⍀ dynamo. For a rotating nonhelical turbulence the ␦ term in the mean electromotive force describes the ⍀ ϫ J effect which causes a generation of the mean magnetic field if rotation is a nonuniform (see [11] [12] [13] [14] [15] ), where ⍀ is the angular velocity and J is the mean electric current.
For a nonrotating and nonhelical turbulence the ␣ effect and the ⍀ ϫ J effect vanish. However, a mean magnetic field can be generated in a nonrotating and nonhelical turbulence with an imposed mean velocity shear due to the "shearcurrent" effect [16] , described by the ␦ term in the mean electromotive force. In order to elucidate the physics of the shear-current effect, we compare the ␣ effect in the ␣⍀ dynamo with the ␦ term caused by the shear-current effect. The ␣ term in the mean electromotive force, which is responsible for the generation of the mean magnetic field, reads E i ␣ ϵ ␣B i ϰ −͑⍀ · ⌳͒B i (see, e.g., [3, 15] , where ⌳ = ١ ͗u 2 ͘ / ͗u 2 ͘ determines one of the inhomogeneities of the turbulence. The ␦ term in the electromotive force caused by the shear-current effect is given by E i ␦ ϵ −͓␦ ϫ ͑١ ϫ B ͔͒ i ϰ −͑W · ١ ͒B i [see Eq.
(8) below and [16] ], where the ␦ term is proportional to the mean vorticity W = ١ ϫ Ū . The mean vorticity W in the shear-current dynamo plays the role of a differential rotation and the inhomogeneity of the mean magnetic field plays the role of the inhomogeneity of turbulence. During the generation of the mean magnetic field in both cases (in the ␣⍀ dynamo and in the shear-current dynamo), the mean electric current along the original mean magnetic field arises. The ␣ effect is related to the hydrodynamic helicity ϰ͑⍀ · ⌳͒ in an inhomogeneous turbulence. The deformations of the mag-*Electronic address: gary@menix.bgu.ac.il netic field lines are caused by upward and downward rotating turbulent eddies in the ␣⍀ dynamo. Since the turbulence is inhomogeneous (which breaks a symmetry between the upward and downward eddies), their total effect on the mean magnetic field does not vanish and it creates the mean electric current along the original mean magnetic field. In a turbulent flow with an imposed mean velocity shear, the inhomogeneity of the original mean magnetic field breaks a symmetry between the influence of upward and downward turbulent eddies on the mean magnetic field. The deformations of the magnetic field lines in the shear-current dynamo are caused by upward and downward turbulent eddies which result in the mean electric current along the mean magnetic field and produce the magnetic dynamo.
The shear-current effect was studied in [16] in a kinematic approximation. Kinematic dynamo models predict a field that grows without limit, and they give no estimate of the magnitude for the generated magnetic field. In order to find the magnitude of the field, the nonlinear effects which limit the field growth must be taken into account.
The main goal of this study is to develop a nonlinear theory of the shear-current effect. We demonstrated that the nonlinear shear-current effect is a very important nonlinearity in a mean-field dynamo. During the nonlinear growth of the mean magnetic field, the shear-current effect changes its sign, but there is no quenching of this effect contrary to the quenching of the nonlinear ␣ effect, the nonlinear turbulent magnetic diffusion, etc. The nonlinear shear-current effect determines the level of the saturated mean magnetic field. This paper is organized as follows. First, we discuss qualitatively a mechanism for the shear-current effect (Sec. II). In Sec. III we formulate the governing equations, the assumptions, and the procedure of the derivation of the nonlinear mean electromotive force in a turbulent flow with a mean velocity shear. In Sec. IV we analyze the coefficients defining the mean electromotive force for a shear-free turbulence and for a sheared turbulence, and consider the implications of the obtained results of the mean-field magnetic dynamo. The nonlinear saturation of the mean magnetic field and astrophysical applications of the obtained results are discussed in Sec. V.
II. SHEAR-CURRENT EFFECT
In order to describe the shear-current effect we need to determine the mean electromotive force. The general form of the mean electromotive force in a turbulent flow with a mean velocity shear can be obtained even from simple symmetry reasoning. Indeed, the mean electromotive force can be written in the form
where B j,i = ٌ i B j and we neglected terms ϳOٌ͑ 2 B k ͒. Following [17] we rewrite Eq. (3) for the mean electromotive force in the form of Eq. (2) with
where we used the identity B j,i = ͑‫ץ‬B ͒ ij + ijn ͑١ ϫ B ͒ n / 2. Note that the separation of terms in Eqs. (3)- (6) is not unique, because a gradient term can always be added to the electromotive force. Let us consider a homogeneous, nonrotating, and nonhelical turbulence. Then in the kinematic approximation the tensor a ij vanishes. This implies that ␣ ij = 0 and V k eff = 0. The mean electromotive force E is a true vector, whereas the mean magnetic field B is a pseudovector. Thus, the tensor b ijk is a pseudotensor [see Eq. In a turbulent flow with an imposed mean velocity shear, the tensor b ijk depends on the true tensor ٌ j Ū i . In this case turbulence is anisotropic. The tensor ٌ j Ū i can be written as a sum of the symmetric and antisymmetric parts-i.e.,
is the true tensor and the mean vorticity W is a pseudovector. Now we take into account the effect which is linear in ٌ j Ū i . Thus, the pseudotensor b ijk in the kinematic approximation has the form
where D k are the unknown coefficients, ␦ ij is the Kronecker tensor, and the term ϰ␦ jk W i vanishes since ١ · B =0 [see Eq.
]. Using Eqs. (4)-(6) we determine the turbulent coefficients defining the mean electromotive force for a homogeneous and nonhelical turbulence with a mean velocity shear:
The second term in the tensor ij describes an anisotropic part of turbulent magnetic diffusion caused by the mean velocity shear, while the first term in the tensor ij is the isotropic contribution to turbulent magnetic diffusion. The ␦ term for the mean electromotive force describes the shear-current effect which can cause the meanfield magnetic dynamo. Indeed, consider a homogeneous divergence-free turbulence with a mean velocity shear, Ū = ͑0,Sx ,0͒ and W = ͑0,0,S͒. Let us study a simple case when the mean magnetic field is B = (B x ͑z͒ , B y ͑z͒ ,0). The mean magnetic field in the kinematic approximation is determined by 
The first term ͑ϰSB x ͒ on right-hand side (RHS) of Eq. (11) describes the shear motions. This effect is similar to the differential rotation because ١ ϫ ͑Ū ϫ B ͒ = SB x e y . The magnetic dynamo instability is determined by a coupling between the components of the mean magnetic field. In particular, the inhomogeneous magnetic field B y generates the field B x due to the shear-current effect [described by the first term on the RHS of Eq. (10)]. This is similar to the ␣ effect. On the other hand, the field B x generates the field B y due to the pure shear effect [described by the first term on the RHS of Eq. (11)], like the differential rotation in ␣⍀ dynamo. It follows from Eqs. (10) and (11) that for the shear-current dynamo, B x / B y ϳ l 0 / L B Ӷ 1. Note that in the ␣⍀ dynamo, the poloidal component of the mean magnetic field is much smaller than the toroidal field. The magnetic dynamo instability due to the shear-current effect is different from that for the ␣⍀ dynamo. Indeed, the dynamo mechanism due to the shear-current effect acts even in homogeneous nonhelical turbulence, while the ␣ effect vanishes for homogeneous turbulence.
The shear-current effect was studied in [16] in the kinematic approximation using two different methods: the approximation (the Orszag third-order closure procedure) and the stochastic calculus (the path integral representation of the solution of the induction equation, Feynman-Kac formula, and Cameron-Martin-Girsanov theorem). The ␦ term in the electromotive force which is responsible for the shearcurrent effect was also independently found in [18] in a problem of a screw dynamo using the modified second-order correlation approximation.
III. GOVERNING EQUATIONS AND THE PROCEDURE OF THE DERIVATION OF THE NONLINEAR EFFECTS
Now let us develop a nonlinear theory of the shear-current effect. In order to derive equations for the nonlinear coefficients defining the mean electromotive force in a homogeneous turbulence with a mean velocity shear, we will use a mean-field approach in which the magnetic and velocity fields are divided into mean and fluctuating parts, where the fluctuating parts have zero mean values. The procedure of the derivation of equation for the nonlinear mean electromotive force is as follows (for details, see Appendix A). We consider the case of large hydrodynamic and magnetic Reynolds numbers. The momentum equation and the induction equation for the turbulent fields are given by
where u and b are fluctuations of velocity and magnetic field, respectively, B is the mean magnetic field, Ū is the mean velocity field, is the fluid density, is the magnetic permeability of the fluid, F is a random external stirring force, u N and b N are the nonlinear terms which include the molecular dissipative terms, p tot = p + −1 ͑B · b͒ are the fluctuations of total pressure, and p are the fluctuations of fluid pressure. The velocity u satisfies the equation ١ · u = 0. Hereafter we omit in the equations; i.e., we include −1/2 in the definition of the magnetic field. We study the effect of a mean velocity shear on the mean electromotive force.
Using Eqs. (14) and (15) written in a Fourier space we derive equations for the correlation functions of the velocity field f ij = ͗u i u j ͘, the magnetic field h ij = ͗b i b j ͘, and the crosshelicity g ij = ͗b i u j ͘. The equations for these correlation functions are given by Eqs. (A1)-(A3) in Appendix A. We split the tensors f ij , h ij , and g ij into nonhelical, f ij , and helical, f ij ͑H͒ , parts. The helical part of the tensor h ij ͑H͒ for magnetic fluctuations depends on the magnetic helicity, and it is determined by the dynamic equation which follows from the magnetic helicity conservation arguments (see, e.g., [19] [20] [21] [22] [23] [24] ). The characteristic time of evolution of the nonhelical part of the magnetic tensor h ij is of the order of the turbulent correlation time 0 = l 0 / u 0 , while the relaxation time of the helical part of the magnetic tensor h ij ͑H͒ is of the order of 0 Rm (see, e.g., [22] ), where Rm = l 0 u 0 / ӷ 1 is the magnetic Reynolds number and u 0 is the characteristic turbulent velocity in the maximum scale l 0 of turbulent motions.
Then we split the nonhelical parts of the correlation functions f ij , h ij , and g ij into symmetric and antisymmetric tensors with respect to the wave vector k, e.g.,
where the tensor f ij ͑s͒ = ͓f ij ͑k͒ + f ij ͑−k͔͒ / 2 describes the symmetric part of the tensor and f ij ͑a͒ = ͓f ij ͑k͒ − f ij ͑−k͔͒ / 2 determines the antisymmetric part of the tensor. Equations for the second moments contain higher moments, and a problem of closing the equations for the higher moments arises. Various approximate methods have been proposed for the solution of problems of this type (see, e.g., [25] [26] [27] ). The simplest procedure is the approximation, which is widely used in the theory of kinetic equations and in passive scalar turbulence and magnetohydrodynamic turbulence (see, e.g., [27] [28] [29] [30] [31] [32] [33] ). This procedure allows us to express the deviations of the third moments from the background turbulence in terms of the corresponding deviations of the second moments, e.g.,
where the term f ij N is related with the third moment (see Appendix A). The superscript (0) corresponds to the background turbulence (with B = 0), and ͑k͒ is the characteristic relaxation time of the statistical moments. We applied the approximation only for the nonhelical part h ij of the tensor of magnetic fluctuations.
In this study we consider an intermediate nonlinearity which implies that the mean magnetic field is not strong enough in order to affect the correlation time of the turbulent velocity field. The theory for a very strong mean magnetic field can be corrected after taking into account a dependence of the correlation time of the turbulent velocity field on the mean magnetic field. We assume that the characteristic time of variation of the mean magnetic field B is substantially larger than the correlation time ͑k͒ for all turbulence scales (which corresponds to the mean-field approach). This allows us to get a stationary solution for the equations for the second moments f ij , h ij , and g ij . For the integration in k space of these second moments we have to specify a model for the background turbulence (with B = 0). We use the following model for the background homogeneous and isotropic turbulence:
is the exponent of the kinetic energy spectrum (e.g., q =5/3 for the Kolmogorov spectrum), k 0 =1/l 0 , and 0 = l 0 / u 0 , ͐f ij ͑0͒ ͑k͒dk = ͑͗u 2 ͘ ͑0͒ /3͒␦ ij , and ͐h ij ͑0͒ ͑k͒dk = ͑͗b 2 ͘ ͑0͒ /3͒␦ ij . Using the derived equations for the second moments f ij , h ij , and g ij we calculate the mean electromotive force E i = ͐Ẽ i ͑k͒dk, where Ẽ i ͑k͒ = imn g nm ͑s͒ ͑k͒. For a turbulence with a mean velocity shear the coefficients defining the mean electromotive force are the sum of contributions arising from a shear-free turbulence and sheared turbulence (see Sec. IV).
IV. NONLINEAR MEAN-FIELD DYNAMO IN A TURBULENCE WITH A MEAN VELOCITY SHEAR
First, let us consider a shear-free nonrotating homogeneous and nonhelical turbulence. Using Eqs. (3)-(6), (A35), and (A36) we derive equations for the mean electromotive force. The coefficients defining the mean electromotive force for a shear-free turbulence in a dimensionless form are given by
͑19͒
where ͑B ͒ =−͑1/2͒͑1+⑀͒A 2 ͑1͒ ͑4B ͒, the functions A ͑B ͒ and V A ͑B ͒ are determined by Eqs. (22) and (24) respectively, the functions A k ͑1͒ ͑y͒ are determined by Eqs. (C1) in Appendix C, and the parameter ⑀ = ͗b 2 ͘ ͑0͒ / ͗u 2 ͘ ͑0͒ is the ratio of the magnetic and kinetic energies in the background turbulence. The function ␣ ͑m͒ ͑B ͒ = ͑c͒ ͑B ͒ ͑m͒ ͑ ͱ 8B ͒ is the magnetic part of the ␣ effect, where ͑m͒ ͑y͒ = ͑3/ y 2 ͒͑1 − arctan y / y͒ is the quenching function of the magnetic part of the ␣ effect (see [31, 34] ), and the dimensionless function ͑c͒ ͑B ͒ = ͑ /3u 0 ͒͗b · ͑١ ϫ b͒͘. The function ͑c͒ ͑B ͒ is determined by the dynamic equation which follows from the magnetic helicity conservation arguments (see, e.g., [19] [20] [21] [22] [23] [24] ). Note that in a homogeneous and nonhelical background turbulence the hydrodynamic part ␣ ij ͑u͒ of the ␣ effect vanishes. In a turbulence without a uniform rotation or a mean velocity shear, the ␦͑B ͒ term and the ijk ͑B ͒ term in the mean electromotive force vanish.
We adopt here the dimensionless form of the mean dynamo equations; in particular, length is measured in units of L, time is measured in units of L 2 / T , B is measured in units of the equipartition energy B eq = ͱ u 0 , and the nonlinear turbulent magnetic diffusion coefficients are measured in units of the characteristic value of the turbulent magnetic
where L B is the characteristic scale of the mean magnetic field variations. Now we consider a small-scale homogeneous turbulence with a mean velocity shear, Ū = Sxe y and W = Se z . In Cartesian coordinates the mean magnetic field B = B͑x , z͒e y + ١ ϫ ͓A͑x , z͒e y ͔ is determined by the dimensionless dynamo equations
where S * = SL 2 / T and Ŵ = W / W , and the function 0 ͑B ͒ is determined below. The nonlinear turbulent magnetic diffusion coefficients and the nonlinear drift velocities of the mean magnetic field are given by
͑24͒
where ⌳ ͑B͒ = ١ B 2 / B 2 , the parameter 0 ഛ ⑀ ഛ 1, and the functions Ā k ͑y͒ and A k ͑1͒ ͑y͒ are determined by Eqs. (B6) and (C1)
in Appendixes B and C. For derivations Eqs. (22)- (24) we used Eqs. (18) and (19) . Note that in Eqs. (22)- (24) we neglected small contributions ϳO͓͑l 0 / L͒ 2 ͔ caused by the mean velocity shear. The nonlinear turbulent magnetic diffusion coefficients A and B and the nonlinear effective drift velocity V A of mean magnetic field for different value of the parameter ⑀ are shown in Figs. 1 and 2 . The background magnetic fluctuations caused by the small-scale dynamo result in an increase of the nonlinear turbulent magnetic diffusion coefficient B , and they do not affect the nonlinear turbulent magnetic diffusion coefficient A (see Fig. 1 ). On the other hand, the background magnetic fluctuations strongly affect the nonlinear effective drift velocity V A of the mean magnetic field. In particular, when ⑀ Ͼ 1 / 2, the velocity V A is negative (i.e., it is diamagnetic velocity) which causes a drift of the magnetic field components B x and B z from the regions with a high intensity of the mean magnetic field B . When 0 Ͻ ⑀ Ͻ 1 / 2, the effective drift velocity V A is paramagnetic velocity for a weak mean magnetic field (see Fig. 2 ). For strong fields B Ͼ B eq / 2, the effective drift velocity V A is diamagnetic for an arbitrary level of background magnetic fluctuations.
The asymptotic formulas for the magnetic part of the ␣ effect, the nonlinear turbulent magnetic diffusion coefficients, and the nonlinear drift velocity of the mean magnetic field for B Ӷ B eq / 4 are given by
and for B ӷ B eq / 4 they are given by
where ␤ = ͱ 8B .
The nonlinear coefficient 0 ͑B ͒ defining the shear-current effect is determined by Eqs. (A51) in Appendix A. The nonlinear dependence of the parameter 0 ͑B ͒ is shown in Fig. 3 for different values of the parameter ⑀. The background magnetic fluctuations caused by the small-scale dynamo and described by the parameter ⑀ increase the parameter 0 ͑B ͒. Note that the parameter 0 ͑B ͒ is determined by the contributions from the ␦͑B ͒ term, the ij ͑B ͒ term, and the ijk ͑B ͒ term in the mean electromotive force. The asymptotic formula for the parameter 0 ͑B ͒ for a weak mean magnetic field B Ӷ B eq / 4 is given by where q is the exponent of the energy spectrum of the background turbulence. In Eq. (25) we neglected the small contribution ϳO͓͑4B / B eq ͒ 2 ͔. Equation (25) is in agreement with that obtained in [16] where the case of a weak mean magnetic field and ⑀ = 0 was considered. Thus, the mean magnetic field is generated due to the shear-current effect, when the exponent of the energy spectrum of the velocity fluctuations is q Ͻ 2 + 3⑀.
Note that the parameter q varies in the range 1 Ͻ q Ͻ 3. Therefore, when the level of the background magnetic fluctuations caused by the small-scale dynamo is larger than 1 / 3 of the kinetic energy of the velocity fluctuations, the mean magnetic field can be generated due to the shear-current effect for an arbitrary exponent q of the energy spectrum of the velocity fluctuations. For the Kolmogorov turbulence-i.e., when the exponent of the energy spectrum of the background turbulence q =5/3-the parameter 0 ͑B ͒ for B Ӷ B eq /4 is given by
and for B ӷ B eq / 4 the parameter 0 ͑B ͒ is
In Eq. (27) we neglected small contribution ϳO͑B eq /4B ͒. It is seen from Eqs. (25)- (27) that the nonlinear coefficient 0 ͑B ͒ defining the shear-current effect changes its sign at some value of the mean magnetic field B = B * . For instance, B * = 0.6B eq for ⑀ = 0, and B * = 0.3B eq for ⑀ = 1. The magnitude B * determines the level of the saturated mean magnetic field during its nonlinear evolution (see Sec. V).
Let us determine the threshold for the generation of the mean magnetic field due to the shear-current effect. To this end we introduce the dynamo number in the kinematic approximation: 
V. DISCUSSION
In the present paper we developed the nonlinear theory of the shear-current effect in a turbulence with an imposed mean velocity shear. The shear-current effect is associated with the W ϫ J term in the mean electromotive force and causes the generation of a mean magnetic field even in a nonrotating and nonhelical homogeneous turbulence. The scenario of the mean magnetic field evolution is as follows. In the kinematic stage, the mean magnetic field grows due to the shear-current effect from a very small seeding magnetic field. During the nonlinear growth of the mean magnetic field, the shear-current effect only changes its sign at some value B * of the mean magnetic field. However, there is no quenching of the nonlinear shear-current effect contrary to the quenching of the nonlinear ␣ effect, the nonlinear turbulent magnetic diffusion, etc. The magnitude B * is less than the equipartition field (see below). The background magnetic fluctuations enhance the shear-current effect and result in a decrease of the magnitude B * .
The magnitude B * determines the level of the saturated mean magnetic field. Let us plot the normalized nonlinear dynamo number D N ͑B ͒ = D ͑B ͒ / D ͑B =0͒ which determines the role of the shear-current effect in the mean magnetic dynamo (see the parameter ⑀, the saturated mean magnetic field varies from 0.3B eq to 0.6B eq (see Fig. 4 ).
Note that the magnetic part of the ␣ effect caused by the magnetic helicity is a purely nonlinear effect. In this study we concentrated on the algebraic nonlinearities (the nonlinear shear-current effect, the nonlinear turbulent magnetic diffusion, the nonlinear effective drift velocity of mean magnetic field) and do not discuss the effect of magnetic helicity (the dynamic nonlinearity, see, e.g., [19] [20] [21] [22] [23] [24] ) on the nonlinear saturation of the mean magnetic field. This is a subject of an ongoing separate study. Note that the nonlinear shearcurrent effect can affect the flux of magnetic helicity. However, this remains an open issue.
The shear-current effect may be important in astrophysical objects like accretion disks where mean velocity shear comes together with rotation, so that both the shear-current effect and the ␣ effect might operate. Since the shear-current effect is not quenched contrary to the quenching of the nonlinear ␣ effect, the shear-current effect might be the only surviving effect, and it can explain the dynamics of largescale magnetic fields in astrophysical bodies with large-scale shearing motions.
APPENDIX A: THE NONLINEAR MEAN ELECTROMOTIVE FORCE IN A TURBULENCE WITH A MEAN VELOCITY SHEAR
We use a mean-field approach whereby the velocity, pressure, and magnetic field are separated into mean and fluctuating parts, where the fluctuating parts have zero mean values. Let us derive the equations for the second moments. In order to exclude the pressure term from the equation of motion (14) we calculate ١ ϫ ͑١ ϫ u͒. Then we rewrite the obtained equation and Eq. (15) in a Fourier space. We also apply the two-scale approach, e.g., a correlation function
where hereafter we omitted argument t in the correlation functions,
and R = ͑x + y͒ /2,r = x − y , K = k 1 + k 2 , k = ͑k 1 − k 2 ͒ / 2, and R and K correspond to the large scales and r and k to the small ones (see, e.g., [35, 36] ). This implies that we assumed that there exists a separation of scales; i.e., the maximum scale of turbulent motions l 0 is much smaller than the characteristic scale L of inhomogeneities of the mean fields. In particular, this implies that r ഛ l 0 Ӷ R. Our final results showed that this assumption is indeed valid. We derive equations for the following correlation functions:
The equations for these correlation functions are given by
where hereafter we omitted the argument t and R in the correlation functions and neglected the terms ϳOٌ͑ 2 ͒. 
where ␦ ij is the Kronecker tensor and k ij = k i k j / k small terms which are of the order of Oٌ͉͑ 2 Ū ͉͒. The source terms I ij f , I ij h and I ij g which contain the large-scale spatial derivatives of the mean magnetic field are given by
where 
͑A7͒
Next, we introduce the new variables
Since ͉Q͉ Ӷ ͉k͉, we use the Taylor expansion
and the identities
We took into account that in Eq. (A3) the terms with symmetric tensors with respect to the indexes i and j do not contribute to the mean electromotive force because E m = mji g ij . In Eqs. (A9)-(A11) we neglected the second and higher derivatives over R. For the derivation of Eqs.
(A1)-(A3) we also used the identity
͑A13͒
To derive Eq. (A13) we multiply the equation ١ · u =0 [written in k space for u i ͑k 1 − Q͒] by u j ͑k 2 ͒Ū p ͑Q͒exp͑iK · R͒, integrate over K and Q, and average over ensemble of velocity fluctuations. Here k 1 = k + K / 2 and k 2 =−k + K / 2. This yields
Now we introduce the new variables k 1 and k 2 determined by Eq. (A8). This allows us to rewrite Eq. (A14) in the form
Since ͉Q͉ Ӷ ͉k͉, we use the Taylor expansion (A10), and we also use the following identities, which are similar to Eq. (A11):
Therefore, Eq. (A15) yields Eq. (A13). Now we split all tensors into nonhelical, f ij , and helical, f ij ͑H͒ , parts. Note that the helical part of the tensor of magnetic fluctuations, h ij ͑H͒ , depends on the magnetic helicity and is not determined by Eq. (A2). The equation for the helical part of the tensor of magnetic fluctuations, h ij ͑H͒ , follows from the magnetic helicity conservation arguments (see, e.g., [19] [20] [21] [22] [23] [24] ).
In this study we use the approximation [see Eq. (16)]. The approximation is in general similar to eddy-damped quasinormal Markovian (EDQNM) approximation. However, some principal difference exists between these two approaches (see [26, 27] ). The EDQNM closures do not relax to equilibrium, and this procedure does not describe properly the motions in the equilibrium state in contrast to the approximation. Within the EDQNM theory, there is no dynamically determined relaxation time and no slightly perturbed steady state can be approached [27] . In the approximation, the relaxation time for small departures from equilibrium is determined by the random motions in the equilibrium state, but not by the departure from equilibrium [27] . As follows from the analysis by [27] the approximation describes the relaxation to the equilibrium state (the background turbulence) much more accurately than the EDQNM approach.
Shear-free homogeneous turbulence
Consider a turbulence without a mean velocity shear; i.e., we omit the tensors I ijmn ͑Ū ͒ , E ijmn ͑Ū ͒, and J ijmn ͑Ū ͒ in Eqs. Thus, we subtract Eqs. (A1)-(A3) written for background turbulence (for B =0) from those for B 0. Then we use the approximation and neglect the terms with the large-scale spatial derivatives. Next, we assume that k 2 Ӷ −1 and k 2 Ӷ −1 for the inertial range of turbulent flow, and we also assume that the characteristic time of variation of the mean magnetic field B is substantially larger than the correlation time ͑k͒ for all turbulence scales. Thus, we arrive to the following steady-state solution of the obtained equations:
where f ij , ĥ ij , and ĝ ij are solutions without the sources I ij f , I ij h , and I ij g . Now we split all correlation functions into symmetric and antisymmetric parts with respect to the wave number k, e.g., f ij = f ij ͑s͒ + f ij ͑a͒ , where f ij ͑s͒ = ͓f ij ͑k͒ + f ij ͑−k͔͒ / 2 is the symmetric part and f ij ͑a͒ = ͓f ij ͑k͒ − f ij ͑−k͔͒ / 2 is the antisymmetric part, and similarly for other tensors. Thus, Eqs.
where ͑k͒ =2͑k · B ͒ 2 . The correlation functions f ij ͑a͒ ͑k͒ , ĥ ij ͑a͒ ͑k͒, and ĝ ij ͑s͒ ͑k͒ vanish if we neglect the large-scale spatial derivatives; i.e., they are proportional to the first-order spatial derivatives. Equations (A20) and (A21) yield
which is in agreement with the fact that a uniform mean magnetic field performs no work on the turbulence. A uniform mean magnetic field can only redistribute the energy between hydrodynamic fluctuations and magnetic fluctuation. A change of the total energy of fluctuations is caused by a nonuniform mean magnetic field. Next, we take into account the large-scale spatial derivatives in Eqs. (A1)-(A3) by perturbations. Their effect determines the following steady-state equations for the second moments f ij , h ij , and g ij :
where
͑A27͒
Substituting Eq. (A27) into Eqs. (A24)-(A26) we obtain the final expressions in k space for the nonhelical parts of the tensors f ij ͑a͒ ͑k͒ , h ij ͑a͒ ͑k͒ , g ij ͑s͒ ͑k͒, and ⌽ ij ͑M,s͒ ͑k͒. In particular,
͑A28͒
The correlation functions f ij ͑s͒ ͑k͒ , h ij ͑s͒ ͑k͒, and g ij ͑a͒ ͑k͒ are of the order of ϳOٌ͑ 2 ͒; i.e., they are proportional to the second-order spatial derivatives. Thus f ij + f ij is the nonhelical part of the correlation functions for a shear-free turbulence and similarly for other second moments. Now we solve Eqs. (A1)-(A3) for the helical parts of the tensors for a shear-free turbulence using the same approach which we used in this section. The steady-state solution of Eqs. (A1) and (A3) for the helical parts of the tensors reads
where ⌽ ij ͑M,H͒ ͑k͒ = g ij ͑H͒ ͑k͒ − g ji ͑H͒ ͑−k͒. The tensor h ij ͑H͒ is determined by the dynamic equation (see, e.g., [19] [20] [21] [22] [23] [24] ). The solution of Eqs. (A29) and (A30) yields
Since h ij ͑H͒ is of the order of Oٌ͑͒, we do not need to take into account the source terms with the large-scale spatial derivatives [22] . Now we calculate the mean electromotive force E i ͑r =0͒ = ͑1/2͒ inm ͓͐⌽ mn ͑M,H͒ ͑k͒ + ⌽ mn ͑M,s͒ ͑k͔͒dk. Thus,
͑A32͒
For the integration in k space of the mean electromotive force we have to specify a model for the background turbulence (with B =0); see Sec. III. After integration in k space we obtain E i = a ij B j + b ijk B j,k , where
and all calculations are made for q =5/3,
and ͑c͒ ͑B ͒ϵ͑ /3͒͗b · ٌ͑ ϫ b͒͘ is related with current helicity. Since a part of the mean electromotive force is determined by the function a ij ͑B ͒B j and P ij ͑␤͒B j = 0, we can drop the term ϰP ij ͑␤͒ in Eq. (A33). Thus, the equations for a ij and b ijk are given by
where ␣ ͑m͒ ͑B ͒ = ͑c͒ ͑B ͒ ͑m͒ ͑␤͒ and 
and we use the following notation: the total correlation function is f ij = f ij + f ij . Here f ij = f ij + f ij is the correlation functions for a shear-free turbulence, and the correlation functions f ij determines the effect of a mean velocity shear. The similar notations are for other correlation functions. Now we solve Eqs. (A37)-(A39) by iterations. This yields
where ⌽ ij ͑M,͒ ͑k͒ = g ij ͑k͒ − g ji ͑−k͒) and the source terms Now we use the following identities:
After the integration in Eq. (A44), we obtain
where the tensor b ijk is given by
͑A47͒
the coefficient D 3 = 0, and the other coefficients calculated for q =5/3 are given by The nonlinear dependence of the parameter 0 ͑B ͒ determined by Eq. (A51) is shown in Fig. 3 for different values of the parameter ⑀. The asymptotic formulas for the parameter 0 ͑B ͒ for B Ӷ B eq / 4 and B ӷ B eq / 4 are given by Eqs. (25)- (27) . For the derivation of Eq. (A51) we used the identities (D2) in Appendix D.
APPENDIX B: THE IDENTITIES USED FOR THE INTEGRATION IN k SPACE
To integrate over the angles in k space we used the following identities: In the case of a ӷ 1 these functions are given by 
